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BOUNDARY-VALUE PROBLEM FOR THE KINETIC EQUATION
IN A LAYER WITH MIRROR BOUNDARY CONDITIONS

A. V. Latyshev, G. V. Slobodskoi, and A. A. Yushkanov UDC 572.33

Introduction. The explicit distribution function of a rarefied gas in a layer with mirror boundary
conditions has been constructed, the lower plate that bound the gas executing normal harmonic oscillations and
the upper one being at rest. The Boltzmann unsteady-state equation with a collision operation in Bhatnagar-
Gross—Crook (BGC) form has been applied.

To find the explicit distribution function, we use the expansion method for solving boundary-value
problems in generalized eigenfunctions of an appropriate characteristic equation. The fundamentals of this
method were given by Case and Zweifel [1]. As in [1], attempts at analytical solutions of the kinetic equation
in the layer for critical-layer problems in the theory of nuclear reactors and the Couette and Poiseuille and
other problems were also reviewed by Greenberg et al. {2] and Cercignani [3, 4]. Numerical-analytical methods
were employed in all the papers mentioned above.

In the present paper, we derive the exact solution of the boundary-value problem for the kinetic
equation in the layer, with modification of the Case-Zweifel method [1]. Note that precisely the modification
of this method made it possible to solve [5-8] a number of problems for model kinetic equations that had
been insoluble for a long time. Among such problems there are the problem of temperature-jump calculation
[5], the Landau problem (which was solved by him exactly for a half-space) of the electron-plasma behavior
in the layer [6], and the problem of strong evaporation for a one-dimensional [7] or three-dimensional [8] gas.

Note that Aoki and Cercignani [9, 10] attempted to develop the Case-Zweifel method for exact solution
of the haft-spatial boundary-value problem for the Boltzmann model unsteady-state equation. However, the
theory based on the technique of Abelian differentials on Riemann surfaces is so complicated that it has so far
not been used for solution of applied problems. Note for comparison that the method that is being developed
in the present paper allows one to construct the distribution function of a rarefied gas in the layer in closed
form.

1. Formulation of the Problem. We consider a layer of thickness d, which is filled by a rarefied
gas. The lower plate which bounds the gas lies in the plane z = 0, while the upper plate lies in the plane
z = d. The z axis is perpendicular to the plates. The lower plate executes normal harmonic oscillations with
frequency w and amplitude U (z = Ue™?) relative to its equilibrium position (z = 0). The upper plate is fixed
rigidly. We have to construct the distribution function of the gas molecules.

We use the Boltzmann model kinetic equation with a collision operator in BGC form (see, e.g., [11]):

(2 + -?— + 1) Y(t,z,p) = L i exp(—;z'2)Y(t z, 1) dy (1.1)
5t ¥ oz =R ) e '
where u is the projection of the molecular velocity on the z axis. The boundary conditions are obtained from
the problem condition:

Y(1,0,p4) = Y(£,0,—p) + 2Upe™,  t>0, pu>0;

(1.2)
Y(t,d,pu) =Y(t,d, —p), t>0, u<0.
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Assuming the process to be steady-state, we separate the time variable, setting
Y(t,z,u) = ¥(z, u)e™". (1.3)
Substituting (1.3) into (1.1), we reduce the unsteady-state boundary-value problem to the steady-state one

(io+ g+ 1)) = 7z [ exp(-w")¥(ou)di' (1.4

The boundary conditions (1.2) are transformed to the form
Y(0,p) = ¥(0,—p) +2Up, p>0, ¥(d,p)=%¥(d,—u), p<O. (1.5)
In what follows, we consider the boundary-value problem which is to solve Eq. (1.4) with boundary conditions
(1.5).
2. Characteristic System of Equations. Eigenfunctions. We divide the variables in Eq. (1.4) as
follows:

V(e ) = exp [~ T (1+ iw)] @1(7,) + exp | - d—;— (1 +iw)|2(n, ), (2.1)

where n € C (C is the complex plane) and g > 0. Substituting (2.1) into (1.4) and accepting the normalization

condition
o0

(L+iwne(n) = [ exp(=u)0x(n,m)du  (k=1,2) (2:2)

-0

we obtain the following characteristic system'

(n— 1) ®1(n, 1) \/—nm (n+ 1) 2a2(n, ) = \/—nnz( n). (2.3)

The solution of system (2.3) depends considerably on whether or not the spectral parameter belongs to the
real axis. We consider two cases.
(1) Let 7 ¢ R. The eigenfunctions are of the form
)= gen—t—m(n), Oalms) = =7 ——ma(n)
H)=—F7=1 1 3 H n2 .
VT in—p \/— 1+ p

Substituting (2.4) into (2.2), we obtain conditions that are imposed on the eigenfunctions of the discrete
spectrum: A(z;w) = 0, where

®1(n

(2.4)

A(z;w) = Ae(2) + iw, /\c(z)—l-}-z—/exp( “ )u—d,u (2.5)

The dispersion function (2.5) and its zeros and properties were studied by Latyshev and Yushkanov [12].
(2) Let n € R. We find the solution of system (2.3) in the class of generalized functions [13]:

ni(n) + g1(n)8(n — p),

O1(n, p) = %
(2.6)

1
na(n) + g2(n)é(n + p).
— o mal) + 2(n)8(n + 1)
Here Pz™! means the distribution, i.e., the basic value of the Cauchy action integral, and §(z) is the Dirac
delta function.
After substitution of (2.6) into the normalization condition (2.2), one can find g1,2(n). Thus, system

(2.6) is transformed to the form

1
Da(n, 1) = ﬁnP

®1(n, 1) = [-\}—; nP n_i? + exp (n*)A(n;w)é(n — #)]nx(n),



1 1 2
® =|—npP —+ DA (n:w)é .
2(n, 1) [ﬁn ——" exp (7°)A(n;w)é(n + p)|n2(n)
Let
1 1
®(n, 1) = —=nP —— + exp (n*)A(m;w)8(n - p). 2.8
(1, 1) =P p(n°)A(n;w)(n - 1) (2.8)
Using the equality (2.8), we rewrite (2.7) as follows:

O1(n, 1) = ®(n, p)ni(n),  ®2(n, p) = (n, —p)na2(n). (2.9)

Thus, we have obtained the eigenfunctions of discrete (2.4) and continuous (2.9) spectra.
3. Expansion of the Boundary-Value Problem in Eigenvectors. We shall find the solution of
problem (1.4) and (1.5) as the expansion in terms of the eigenfunctions of the characteristic system (2.3):

U(z, p,w) = a1(no;w)®1(no, 1) exp [— %(1 + iw)]

+ aglroie)@a(m, ) exp | - ° S0+ )| + [ Ar(m) exp | = (14 )] @1(m, )
0
+ [ sl exp [ = S0+ )] @l d, (3.)
0

where Re [(1 + iw)/ne] > 0.
Substituting £ = 0 and z = d into (3.1) and making allowance for (2.8), we obtain

(0, 4, w) = a1(no; w)®1(no, #) + az2(no; w)®2(no, 1) exp [— 7%(1 + iw)]

+ [ Amptrmio)dn + [ dtrie) exp [ - 2 (1 )| 800, ~wyma(r)

W(d ) = aal;w) exp | = 2o (1 +)| @170, ) + aalmieo) Bl )

+ [ Al exp [ = 21v )] 000, wm(n) dn + [ Aalrie)0(n, —pinat) dn
0 0

With the boundary conditions (1.5) taken into account, we have

2Up = % ———T,;T’:ﬂ {al(no;w)m('lo) — az(no; w) exp [— '% (1+ iw)] n2(770)}

(o o}

+ [ Mmoo, 1) - #(n, -] dn
0

+ [ Axtrse) exp [ = (14 )] ma(n)(@(n, =) = 000, )} (3:2)
0
1 2 d :
0= = { o [ - = (14 i) s () = aatos om0

i few |- 2 (14 )] A (miwhma () [0, ) — @0, =) d
2 n
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+ [ Aalmsoina(m)(@(n, —) = 8(n, 1)) do.
0

We introduce the one-sided functions

+oy_ ) mkin), 120, +0o.oy = ) Almw), 720,
it ={ 120 A= { 720

Using relations (3.2)-(3.4) and the fact that ®(n, u) = ®(—n, —p), we write the system

o0 o

%¢(u;w)+ / ®(n, p)n(n;w) dn = 2U4, %¢(u;w)+ / ®(n, uym(n;w)dy =0,

—00 —00
where
2nop ) d .
(i) = 2 [aa (s o o) — aatmis) exp [ = = (14 i) (o),
0

(i) = = [exp [ (14 ) s o) = aatns o))
n(n;w) = Af (n;w)ny (n) = Af (w; =n)nf (-n)
d : F (0 + d : + +
+exp [+ (14 )| AF (s =)t (=n) = exp [ - £ (1 4 i) 4F (i ),
m{nie) = exp [ = & (14 i) Afm)ni ()

— exp [g (1+ iw)] AT (w; =n)nf (=) +_A5L(w; —n)nz (=) — A7 (n;w)nF ().

We consider here and below that p € R, unless otherwise specified.

k=12

(3.5)

(3.5a)

With allowance for (2.8), we transform system (3.5) into the following system of integral singular

equations with the Cauchy kernel:

o(pw nn(n;w T TP (b)) A(p;w)n(n;w) = 2Up,
\/_

1 1 dn 2

— Py w +—-——/nm77;w————-+ex Alp; wym(n;w) = 0.

7 (p;w) v ( )n—# P (1) A(p;w)m(n;w)
Let us introduce the additive functions

o0
1
w) = nn(n;w) —— dn.
) _Zo (n )n-zn

7 1
M(z;w) = /nm(n;w)n—_—;dn-
-0

(3.6)

(3.7)

The functions N(z;w) and M(z;w) are piecewise-analytic in the complex plane cut along the real axis. Using
the Sokhotskii formulas [14] for values of the functions N(z;w), M(z;w), and A(z;w), at the cut, we have

At (p;w) = A (uw) = 2\/7—”:#6)(?’(“/‘2);
N*(p3w) = N7 (5 w) = 2mipn(p;w);
M+(/1,W) _ M—(/_‘;w) = 21riym(#;w)'

(3.8)
(3.9)

(3.10)
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Using (3.8)-(3.10), we write the system of Riemann scalar boundary-value problems
A (psw)o(piw) + N (gsw) = 2v/a0u] = A (150)[e(piw) + N7 (g5 w) — 2/7U 4],
AT ()[R (piw) + M7 (piw)] = A7 (g 0) (s w) + M~ (1;w)].
Let
P(z;0) = Az )[p(zw) + N(ziw) — 2V7U2),  Q(z5w) = Az w)b(z;w) + M(z;w)l.

According to the analytical continuation theorem [14], the function P(z;w) is analytic in the complex plane,
except for the point at infinity at which this function has a first-order pole. According to the Liouville theorem

[14], the function P(z;w) is the first-order polynomial (cp + ¢;2). Taking into account that P(0;w) = 0, we
obtain P(z;w) = c1z and, hence,

2 d
N(z;w) = 2/7Uz + A(czx;zw) + 5 T;g {al(no;w)m(flo) ~ az(no;w) exp [— ;};(1 + iw)] nz(no)}. (3.11)
Similarly, we find
2n0z d .
M(zi) = 0y {exp | = = (14 i) (i) (m0) = az(moi o)z (o)} (3.12)
=g

It is evident that (3.11) and (3.12) have first-order poles at the end points +79 and, in addition, (3.11) has
a first-order pole at the point at infinity. The additive functions M(z;w) and N(z;w), which are specified by
formulas (3.6) and (3.7) are, however, piecewise-analytic everywhere in the complex plane with a cut along
the real axis. In view of this, to regard the solutions (3.11) and (3.12) as additive functions, it is necessary
and sufficient to eliminate the previously found singularities.

With allowance for the behavior of the function A(z;w) at infinity, we eliminate the pole at the point
at infinity from the function N(z;w) by setting ¢; = —2/7Uwi. It is easy to see that now N(z;w) = O(1/z).
It only remains for us to eliminate the first-order poles at the end points £7g in the functions N(z;w) and
M (z;w). Making allowance for the evenness of the functions A(z;w) and the oddness of the function N(z;w),
it is necessary and sufficient to eliminate the pole at the point o and it will be eliminated at the point —gq
automatically. Expanding A(z;w) in a series in the vicinity of the point 79 [note that the function A(z;w) is
analytic at the point 79 and, therefore, we obtain the Taylor series] and taking into account the behavior of
M(z;w) in the neighborhood of this point, we obtain a system of two linear equations

d . 2!
a jwin —ex ——1+zw]a jwin =——
(i) (10) = exp | = o (1 -+ ) azlnos o)) = ~ 37
d (3.13)
exp [— - (1+ iw)]al(no;w)nl(rlo) — az(no; w)na(mno) = 0.
Solving system (3.13), we find the coefficients of the discrete spectrum:
(70512) =
a 3 = : )
T X o) (ro) (exp [-2d(1 + i) /o] = 1)
o (3.14)

#2103 = 3G Yalra) (exp [ (1 & ) o] — exp [4(1 + ) o))

Now we find the coefficients of the continuous spectrum. To do this, we use the Sokhotskii formulas and
relations (3.8) and (3.9), take the difference between the boundary values of the functions N(z;w), and, with
allowance for the fact that M(z;w) = 0 (owing to the choice of the coefficients of discrete spectrum), obtain
the system of linear equations

(i) = L2 exp(—¢’)
’ VAT (W) A~ (g w)’

m(u;w) = 0.
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Solving this system, we write the following relations for the coefficients of the continuous spectrum:

A+(T)'w) = = exp(—#z)
P = R ) A () m (1)1 — exp (=241 + iw)/n])’ (3.15)
A (n;w) cipexp(—p?) |

VEAF (i w0)A™ (g5 w)nz(n)(exp [d(1 + iw) /n] — exp [~d(1 + w)/7])’

Thus, all coefficients of expansion are found in explicit form and are given by relations (3.14) and (3.15). The
fact that the expansion is the solution of the initial boundary-value problem is directly verified. The uniqueness
of the solutions follows from the impossibility of the nontrivial expansion of the zero in the eigenvectors of
the characteristic equations. Thus, the solution of the initial boundary-value problem as the expansion (3.1)
is found.

4. Analysis of the Solutions Obtained. To analyze the results obtained, we consider four limiting
cases.

(1) Let w <« 1. We expand the dispersion function A(z;w) into a Laurent series in the neighborhood
of the point at infinity:

1 1
Alz;w) = —2—Z-§+iw+o<;5), |z] = oo. (4.1)
We find the eigenvalues of the discrete spectrum from relation (4.1):
-1
o = im (4.2)

We thus obtain that the eigenvalues of the discrete spectrum tend to infinity at small values of w.
(2) Let d — oo. Using the relations for the coefficients of expansion (3.14) and (3.15), we have

o 2y/miwl

~ A(no)na(mo)’

__ 2Uiwp exp (—u?)
A+ (p;w)A= (p;w)na(n)’

It follows from the above relations that the contribution of ®;(n, ) tends to zero for d — oo, and the expansion
(3.1) takes the form

a1(no; w) az(no;w) = 0; (4.3)

A (mw) = A} (miw) = 0. (4.4)

¥z, 1,0) = a1 (7050)B1 (10, ) exp | - “+ iw) +7A1(n;w) exp |- (e iw)] @107, ) d,
0

where aj(no;w) and A;(n;w) are given by relations (4.3) and (4.4).

' On the other hand, aj(no;w) and Aj(n;w) can be obtained based on the following arguments. Note
that for d — oo, the functions ¢(u;w) and m(n;w), which are specified by relations (3.5a) and are in the
second equation of system (3.5), vanish. Thus, system (3.5) reduces to the integral singular equation with the
Cauchy kernel. Using the theorem of orthogonality and fullness of eigenfunctions on the numerical axis [15],
we find relations for the coefficients of expansion:

2/riwl 2Uiwp exp (—p?)
Ae(mo)na (o)’ A*(p;w) A~ (g5 w)na (n)
Clearly, the relations for the coefficients from (4.3) and (4.4) completely coincide with relations (4.5) obtained
on the basis of the previously proved relations.
(3) Let |no] € d, w < 1, and 1 < z. In this case (outside the Knudsen layer), only the discrete mode

remains. The continuous mode disappears because of the fast decay of the exponent. The expansion (3.1) is
of the form

ar(no;w) = A (n;w) = (4.5)

(2, 4,0) = aa(n0; )@ (o, ) exp | = (1 + )],
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Let

2 z -
exp (—u)ar(no;w)P1(no, u) ex [—-— l+zw]d.
f / Jox(n0; 0)®1(m0, 1) exp | = (1 + i) du
With allowance for (2.4) and (4.3), we obtain

2:Uw exp [— ;7% (1+ iw)]

bp = — t .
/\2(770) 70 (770)

Taking into account the behavior of the function A;(z) for small values of w and using the relations for g, we
write for the relative concentration

Redy = — LSXP [-;:;_5(1 =)l [(1 — w)sin(ev@(l + w)) = (1 + w) cos(z /(1 + w))].

(4) Let l « d < |no|, w < 1,1 K z, and (d — z) > 1. The expansion (3.1) takes the form

(1+ iw)]},

T .
Uiz ) = arm0i) {910, ) exp | = 2 (1+i)] + 0o, ) exp [ -
0
where
_ a2(mo;w) _ ni(mo)
ai(no;w)  ma(no)
It 1s clear that the coefficient a characterizes the reflected wave. In this case, §, is of the form

exp [—d(1 + iw)/no].

1 [ o]
5, = vl exp (= 12)a1(no; ) ®1 (o, 1) exp [- -:—0(1 + iw)] du

+ -1\/-;_4 exp (—u?)az(n0; w)@2(no, #) exp [- in—-o—f (1+ iw)] dp.

With allowance for (2.4) and (4.3), we obtain
d —
b= 2,zUw not(no){exp [— —(1+zw)]+exp [ 2d -z (1+iw)]}/{exp [— xd (1+iw)] —-1}.
Xe(m0) 70 m0

The relation for the relative concentration, hence, is of the form

172

Reéb, = (7‘20.2 — 1)2 n (r2b2)2 {a1 + Tz[(alaz + b]bz)(az - l) + (bzal - azbl)bzl}.

Here
a1 =cos(eV@(l+w)); b =sin(evB(l+w)); 1 =expl-zvE(l - w)];
az = cos (2dv/w(l +w)); by =sin(2dv/w(l +w)); 12 = exp[2dv/&(1 — w)].

Thus, in the present paper, we have developed a method that allows one to find exact solutions
of boundary-value problems in the layer for unsteady-state model kinetic equations with mirror boundary
conditions, the lower plate which bounds the gas executing normal harmonic oscillations and the upper one
being at rest. Separation of the variables leads to the characteristic system. We have found the eigenfunctions
of discrete and continuous spectra of the characteristic system. The expansion of the solution of the initial
boundary-value problem into eigenfunctions has been found as well. The desired coefficients of expansion have
been obtained in explicit form.

The problems with boundary conditions (1.5) can find application in solving very diverse problems

of the kinetic theory of gas and plasma, in the theory of neutron (or electron) transport, in theoretical
astrophysics, etc.

848



The authors express their gratitude to Yu. A. Bashlachev who proposed to consider the given problem

which arose in his experimental investigation of the dispersion of ultrasonic waves in the layer.

REFERENCES

1. K. M. Case and P. F. Zweifel, Linear Transport Theory, Addison-Wesley (1967).

2. W. Greenberg, C. V. M. van der Mee, and V. Protopopescu, “Boundary-value problems in abstract
kinetic theory,” in: Operator Theory: Advances and Applications, Vol. 23 (1987).

3. C. Cercignani, Theory and Applications of the Boltzmann Equation, Scottish Academic Press,
Edinburg-London (1975).

4. C. Cercignani, “On the methods of solving the Boltzmann equations,” in: J. L. Libovits and E.
U. Montrol (eds.) Nonequilibrium Phenomena. The Boltzmann Equation [Russian translation|, Mir,
Moscow (1986), pp. 132-203.

5. A. V. Latyshev, “The use of the Case method to solve the linearized kinetic BGC equation in the
temperature-jump problem,” Prikl. Mat. Mekh.., 54, No. 4, 581-586 (1990).

. 6. A.V. Latyshev, A. G. Lesskis, and A. A. Yushkanov, “Exact solution of the problem of the behavior of
the electron plasma in a metal layer in a variable electrical field,” Teor. Mat. Fiz., 90, No. 2, 179-189
(1992).

7. A. V. Latyshev and A. A. Yushkanov, “Analytical solution of the one-dimensional problem of
moderately intense evaporation (and condensation),” Prikl. Mekh. Tekh. Fiz., 34, No. 1, 102-108
(1993).

8. A. V. Latyshev and A. A. Yushkanov, “Analytical solution of the problem of intense evaporation
(condensation),” Izv. Ross. Akad. Nauk, Mekh. Zhidk. Gaza, No. 6, 143-155 (1993).

9. K. Aoki and C. Cercignani, “A technique for time-dependent boundary value problems in the kinetic
theory of gases. Pt. 1. Basic analysis,” ZAMP, 35, 127-143 (1984).

10. K. Aoki and C. Cercignani, “A technique for time-dependent boundary value problems in the kinetic
theory of gases. Pt. II. Application to sound propagation,” ZAMP, 35, 345-362 (1984).

11. C. Cercignani, Mathematical Methods in Kinetic Theory, Plenum Press, New York (1969).

12. A. V. Latyshev and A. A. Yushkanov, “Analytical solution of boundary-value problems for unsteady-
state kinetic equations,” Teor. Mat. Fiz., 92, No. 1, 127-138 (1992).

13.  V.S. Vladimirov, Generalized Functions in Mathematical Physics [in Russian|, Nauka, Moscow (1977).

14.  F. D. Gakhov, Boundary-Value Problems [in Russian], Nauka, Moscow (1977).

15. G. V. Slobodskii, “Boundary-value problems for the unsteady-state kinetic equation,” Moscow (1995).

Deposited at VINITI 09. 25.95, No. 3278-B95.

849



